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Abstract 

This r e p o r t  is  concerned with t h e  problem of determining 

g loba l  ex i s t ence  theorems f o r  s o l u t i o n s  y of  ope ra to r  equa- 

t i o n s  F(x ,y)  = z f o r  f i x e d  x,z once l o c a l  s o l v a b i l i t y  condi- 

t i o n s  are known. The problem is  s tud ied  i n  t h e  fol lowing 

a b s t r a c t  s e t t i n g :  Given a r e l a t i o n  Q between t w o  t opo log ica l  

spaces  such t h a t  Q behaves l o c a l l y  l i k e  a continuous mapping, 

determine information about the "global"  behavior of (P. The 

c e n t r a l  condi t ion  assumed f o r  Q i s  a general cont inua t ion  

p rope r ty  der ived  from the so-called cont inua t ion  method used i n  

t h e  s o l v a b i l i t y  theory of operator  equat ions.  The a b s t r a c t  

theory  when appl ied  t o  equations Fy = x, l e a d s  t o  a number of 

new g loba l  ex i s t ence  r e s u l t s  f o r  such equat ions including,  a s  a 

s p e c i a l  case, the  wellknown Hadamard-Levy theorem and one of i t s  

r e c e n t  gene ra l i za t ions .  For t h e  case of impl ic i t  equat ions  

F (x ,y )  = 0 i n  Banachspaces, t h e  theory covers  and extends t h e  

r e s u l t s  obtained by Ficken for t h e  cont inua t ion  method. 
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LOCAL MAPPING RELATIONS A N D  GLOBAL IMPLICIT  FUNCTION THEOREMS 1) 

by Werner C. Rheinboldt 2) 

1. Int roduct ion  

Consider t h e  problem of so lv ing  a nonl inear  equat ion 

(1) F ( x , y )  = 

w i t h  r e spec t  t o  y f o r  given x and z .  I f ,  f o r  example, 

x , y , z  are elements of some BanaChSpaCeS, then under appropr i a t e  

condi t ions  about F, t h e  wellknown i m p l i c i t  funct ion theorem 

a s s u r e s  t h e  "local!' s o l v a b i l i t y  of (1). The ques t ion  arises 

when such a l o c a l  r e s u l t  l eads  t o  "g loba l"  ex i s t ence  theorems 

for  (1). Several  au thors ,  as, for  example, Cesar i  [l], Ehrmann 

[4]8 Hildebrandt and Graves [7]# and Levy [81, have a l ready  ob- 

t a i n e d  r e s u l t s  a long this  l i n e .  But  these r e s u l t s  w e r e  a l l  

c l o s e l y  t i e d  t o  the  c lass ical  i m p l i c i t  func t ion  theorem, and no 

gene ra l  theory  appears t o  e x i s t  which permi ts  the deduction of 

g loba l  s o l v a b i l i t y  r e s u l t s  once a l o c a l  one i s  known. 

The problem h a s  considerable  i n t e r e s t  i n  numerical  ana lys i s .  

I n  fact ,  when an opera tor  equation 

(2) Fy = x 

is  t o  be solved i t e r a t i v e l y  for y #  the process  converges u s u a l l y  

1) T h i s  work w a s  in p a r t  supported by t h e  Nat ional  Aeronautics 
and Space Administration under Grant N s G  398 and by t h e  U . S .  
Army Research Of f i ce  (Durham) under Grant DA-AROD31-124-G676. 

2) Univers i ty  of Maryland,' College park,  Maryland 
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only i n  a neighborhood of a so lu t ion .  I f  for some o the r  opera- 

t o r  Fo the equation FOy = x has  been solved, then one may t r y  

t o  "connect" F and Fo by an ope ra to r  homotopy H ( t , y )  such 

t h a t  H(0,y) = FOy and H ( l , y )  

t i o n  "curve" y ( t ) 8  0 t 5 1 of H ( t , y )  = x from the known s o l u t i o n  

Fy, and t o  "move" along t h e  solu- 

y ( 0 )  t o  t h e  unknown y ( 1 ) .  This can be done, f o r  i n s t ance ,  w i t h  

t h e  h e l p  o f  a l o c a l l y  convergent i t e r a t i v e  process  by so lv ing  

) as i n i t i a l  approximation, where tk-1 H ( \ , Y )  = X with y (  

0 = t < t, <...< t = 1 i s  a s u i t a b l e  p a r t i t i o n  of the i n t e r v a l  
0 m 

J = [ o # l ] .  

This is  t h e  so-ca l led ."cont inua t ion  method". For a review 

of earlier work about t h i s  method see, f o r  example, t h e  introduc- 

t i o n  of Ficken [SI who t h e n  proceeds t o  develop c e r t a i n  r e s u l t s  

about  t h e  g loba l  s o l v a b i l i t y  of H ( t , y )  = x by us ing  the local 

s o l v a b i l i t y  provided by t h e  i m p l i c i t  funct ion theorem. O t h e r  

a t t a c k s  on t h i s  problem a r e  due  t o  Davidenko [ 2 ] ;  see a l s o  

Yakovlev [ 1 2 ]  and f o r  some recen t  r e s u l t s ,  Davis [ 3 ]  and Meyer [9]. 

I n  t h i s  paper we s h a l l  cons ider  t h e  problem of f ind ing  glo- 

bal existence theorems for (1) i n  t h e  following s e t t i n g .  For 

f i x e d  z t h e  problem depends only on the (mult ivalued)  r e l a t i o n  

between x and y given by (1). W e  t h e r e f o r e  consider  
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a b s t r a c t  r e l a t i o n s  ip between e l e m e n t s  of a topologica l  space 

X and another  such space Y. The assumed v a l i d i t y  of a local  

i m p l i c i t  funct ion theorem, f o r  (1) l e a d s  t o  the  condi t ion  t h a t  

ip behaves l o c a l l y  l i k e  a continuous mapping. The problem then 

i s  t o  ob ta in  f r o m  t h i s  " loca l  knowledge" information about the 

g loba l  behavior of i .  The c e n t r a l  concept i s  a genera l  "contin- 

ua t ion  property"  w h i c h  i n  t u r n  i s  equiva len t  t o  a so-cal led "path- 

l i f t i n g  property" .  The  l a t t e r  a s su res  t h a t  f o r  a continuous pa th  

p i n  X a pa th  q i n  Y can be found such t h a t  p and q 

a r e  point-wise r e l a t e d  under i .  The r e s u l t i n g  theory resembles 

somewhat (and w a s  i n  p a r t  influenced by) the  theory of covering 

mappings i n  a lgeb ra i c  topology. 

A f t e r  in t roducing some no ta t ions  i n  Sec t ion  2 ,  Sec t ion  3 

p r e s e n t s  the main t h e o r e t i c a l  r e s u l t s ;  then,  i n  Sect ion 4, these 

r e s u l t s  are appl ied t o  the case  of the  equat ion ( 2 ) ;  and i n  

Sec t ion  5, t o  t h a t  of (1). The r e s u l t s  of Sect ion 4 conta in  a 

number of new global  ex is tence  theorems f o r  ( 2 )  and a l s o  inc lude  

the wellknoyn Hadamard-Levy theorem (see [ 6 ]  and [8]) a s  w e l l  a s  

a r e c e n t  gene ra l i za t ion  b y  Meyer [9].  Sect ion 5 e s s e n t i a l l y  

covers  and extends t h e  r e s u l t s  of Ficken [51. 

Although some of the s p e c i f i c  a p p l i c a t i o n s  i n  Sec t ions  4 and 

5 use t h e  i m p l i c i t  funct ion theorem, t h e  main  r e s u l t s  do n o t  depend 

* 
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on t h e  way t h e  l o c a l  i n v e r t i b i l i t y  i s  assured,  and hence, corre-  

sponding r e s u l t s  based on o ther  l o c a l  s o l v a b i l i t y  theorems can 

conceivably be phrased. 

A t  t h i s  po in t ,  I would l i k e  t o  express  my h e a r t f e l t  thanks 

t o  my good f r i end  and colleague Professor  James M. Ortega of t h e  

Univers i ty  of Maryland for h i s  inva luable  c r i t i c a l  comments and 

many h e l p f u l  d i scuss ions  during t h e  p repa ra t ion  of t h i s  paper.  
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2. Notations 

Unless otherwise noted, X and Y sha l l  always denote 

Hausdorff topologica l  spaces.  As usual ,  a pa th  i n  t he  s e t  

1 Q k X s h a l l  be a continuous mapping p: J = [0,1] C R + Q, and 

two p a t h s  p and q i n  Q are c a l l e d  equal ,  i n  symbols 

- p = q8 i f  there e x i s t s  a "parameter t ransformation" T ,  i.e., 

a continuous,  s t rong ly  isotone mapping T :  J 4 J w i t h  ~ ( 0 )  = 0,  

~ ( 1 )  = 1, such t h a t  p ( T ( t ) )  = q ( t )  for  t E J. For any pa th  p 

i n  Q t h e  reverse  pa th  6 is def ined  by p ( t )  = p ( 1 - t ) ,  t E J, 

and for any c f 8  B with 0 cy < B 5 1 t h e  pa th  q given by q ( t )  

= p(a+t(B-cf)) ,  t E J, is s a i d  t o  be a segment of p. F ina l ly ,  

if p and q a r e  pa ths  i n  Q wi th  p ( 1 )  = q ( O ) ,  then the con- 

ca t ena t ion  p"s i s  def ined by r q ( t )  = p ( 2 t )  f o r  0 2 t 5 1 / 2  and 

&(t) = q ( 2 t - 1 )  f o r  1/2 5 t 1. . .  

The se t  of a l l  poss ib l e  p a t h s  i n  a s e t  Q C X  under t h e  above 

e q u a l i t y  d e f i n i t i o n  w i l l  be denoted by ? ( a ) .  

is  c a l l e d  admissible  i f  it is closed under r e v e r s a l ,  segmentation 

and f i n i t e  concatenation of  paths .  For example, t h e  set  of  a l l  

p iecewise continuously d i f f e r e n t i a b l e  pa ths  i n  a Banachspace X 

i s  admissible .  

i f  any two p o i n t s  x1,x2 E Q can be connected by a pa th  from 

A s u b s e t  8 cT(Q) 

For any To C p(Q) a set  Q C X i s  Fo-path-connected 

yo. 
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A yo-path-component of Q is a maximal T-path-connected 0 

subse t  of Q. I f  To i s  admissible,  then Q can be p a r t i t i o n e d  

i n t o  d i s j o i n t  -path-components, A s e t  Q is s a i d  t o  be local- 

l y  To-path-connected i f  for each x E Q and any ( r e l a t i v e )  neigh- 

borhood U(x) of x i n  Q there e x i s t s  a ( r e l a t i v e )  neighborhood 

Uo(x) c U(x) of x i n  Q which i s  7 -path-connected. 

0 

0 

For given To C p(Q) a r)0-path-homotopy on a se t  Q c X 

i s  def ined  as 

p rope r ty  t h a t  

a continuous mapping g: J x J c R2 -, Q with t h e  

for f ixed  s t E J, g ( s o l . )  and g ( . , t  ) a r e  p a t h s  0' 0 0 

of To. As before ,  two TO-path-homotopies g1 and g2 i n  Q 

a r e  s a i d  t o  be equal  i f  g 1 ( T 1 ( s ) , ~ 2 ( s ) ) =  g 2 ( s , t )  f o r  s , t  E J and 

W e  denote t h i s  
T 2 -  and T1 c e r t a i n  parameter t ransformations 

- again  by g - - g2* 1 

Fina l ly ,  given a r e l a t i o n  @ C X x Y from X t o  Y, we s h a l l  

use the  n o t a t i o n s  (x ,y)  E @ and x @ y interchangeably.  The se t  

.D(@) = {x E X I x Q. y for some y E Y] is the domain of 4 and f o r  

any Q c X we  de f ine  @[Q] = { y  E Y I x ;9 y f o r  some x E Q fl D(@)). 

Then, @[XI = @[I)(@)] = R(@) is the range of @. I f  Q = {x]  w e  

s h a l l  a l s o  w r i t e  @[XI i n s t ead  of  @[{x)] .  As usual ,  t h e  r e l a t i o n  

e-' = { ( y , x )  E Y x X 1 (x ,y)  E @ ]  i s  c a l l e d  t h e  inverse  of $, 

1 .  8 
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3 .  Local Mappinq Relat ions 

The following d e f i n i t i o n  in t roduces  t h e  l o c a l  s o l v a b i l i t y  

property:  a s  mentioned i n  the  in t roduc t ion ,  t h i s  proper ty  repre- 

s e n t s  an a b s t r a c t  vers ion  of t h e  assumption t h a t  a "local" impli-  

c i t  func t ion  theorem is  ava i l ab le  f o r  the s o l u t i o n  of  (1). 

3.1 - Defin i t ion :  A r e l a t i o n  @ C X x Y i s  s a i d  t o  be a l o c a l  

mappinq r e l a t i o n ,  o r  t o  have the  l o c a l  mappinq proper ty ,  i f  

D ( @ )  = X, and i f  f o r  each (x 

borhood U(x ) of x i n  X and a r e l a t i v e l y  open neighborhood 

V(yo) of yo 

x ~ ( y  ) )  i s  a continuous mapping from U ( X  ) i n t o  ~ ( y  ) .  

) E 4 there e x i s t s  an open neigh- o t Y o  

0 0 

i n  R(@) such t h a t  t h e  r e s t r i c t i o n  cp = @ n (U(xo) 

0 0 0 

I n  order  t o  shorten t h e  no ta t ion  we  s h a l l  c a l l  the  neighbor- 

hoods U(x ) ,V(y ) a pair of canonical  neighborhoods of (x  , * Y o )  E @ 0 0 

and the mapping 'p: U(xo) -. V(y ) the  corresponding canonical  mappinq. 

I t  may be noted t h a t  the  condi t ion D ( @ )  = X i s  not  p a r t i c u l a r l y  

e s s e n t i a l  and was mainly introduced f o r  the sake of s i m p l i c i t y .  

I f  F: Y -. X is  a continuous map from Y onto X, then the  

0 

graph of P, 

( 3 )  rF = { ( Y , x )  E Y x x I x = F Y I ,  

i s  c l e a r l y  a l o c a l  mapping r e l a t i o n  i n  Y x X ,  and f o r  any ( y , F y )  

E r t h e  sets Y and X are  a p a i r  of canonical  neighborhoods. 
F 

? I 
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considerably more i n t e r e s t i n g  i s  the ques t ion  when the  i n v e r s e  

-1 
graph rF 
Fy = x has l o c a l l y  a continuous inve r se .  This w i l l  be d iscussed  

i n  Sec t ion  4. 

(1) between x and y fo r  f i x e d  z ;  t h i s  w i l l  be the t o p i c  of 

Sec t ion  5. 

i s  a loca l  mapping r e l a t i o n ,  i .e . ,  when the  equat ion 

More genera l  i s  t h e  case of t h e  r e l a t i o n  def ined  by 

General ly ,  w e  are concerned w i t h  the ques t ion  when the ex i s -  

t e n c e  of local s o l u t i o n s  guaranteed by t h e  local  mapping p rope r ty  

a s s u r e s  the ex i s t ence  of "global" s o l u t i o n s ,  The too l  f o r  study- 

i n g  t h i s  problem w i l l  be t h e  fol lowing "cont inua t ion"  concept.  

Given a local mapping r e l a t i o n  Q C X x Y and some pa th  p E p ( x ) ,  

w e  are i n t e r e s t e d  i n  f ind ing  " so lu t ions"  y E Y of p ( t )  H y0 t E J 

= [ O , l ] .  Suppose t h a t  y E Y i s  known w i t h  p ( 0 )  4 y and t h a t  0 0 

cp i s  the  canonical  mapping corresponding t o  ( p ( 0 )  , y o ) ,  Then 

q ( t )  = cp(p(t)) i s  uniquely and cont inuously def ined  for  s o m e  i n t e r -  

v a l  0 1. t < e .  Since q(0) = w e  can c a l l  q a "cont inua t ion"  

of t h e  i n i t i a l  s o l u t i o n  . yo 

s m a l l  va lues  of t. I f  q is  s t i l l  def ined  f o r  t > 0 ,  then  t h e  1 

process can be repeated w i t h  y1 = q ( t  ) i n  p l ace  of 

ques t ion  now arises whether it i s  p o s s i b l e  t o  "cont inue" the solu- 

t i o n  for  a l l  t i n  J# i .e. ,  whether there e x i s t s  a pa th  q E T ( Y )  
such t h a t  p ( t )  H q ( t )  for t E J and q ( 0 )  = y Without a d d i t i o n a l  

of t h e  problem p ( t )  H y0 t E J for 

The 1 

0' 
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assumptions about @, t h i s  is, of course, n o t  t h e  case. B u t  it 

t u r n s  ou t  t ha t  when a pa th  q of t h e  descr ibed type does e x i s t  

for  c e r t a i n  pa ths  p and for  a l l  corresponding i n i t i a l  solu- 

t i o n s ,  then  a number of i n t e r e s t i n g  r e s u l t s  can be proved about 

t h e  

i n g  

3.2 

g l o b a l  behavior of @. Accordingly, we in t roduce  the  follow- 

condi t ion:  

- Defin i t ion :  A l o c a l  mapping r e l a t i o n  Q c X x Y i s  s a i d  

170 = W X )  t o  have the cont inua t ion  property for a given set  

i f  for any p E 12 
0 

w i t h  p ( t )  @ q ( t )  for  t E [ O , f )  there e x i s t s  a sequence {t ] C [ O l e )  

with  &L$ \ = e such t h a t  &LE q(\) = 9 and p ( e )  Q 9 .  

and any continuous functi’on q: [ O , e )  c J -, Y 

k 

Before showing t h a t  t h i s  condi t ion  indeed allows the  con- 

t i n u a t i o n  process  t o  be c a r r i e d  o u t  u n t i l  t = 1, it is u s e f u l  t o  

i n t roduce  t h e  following terminology: 

3 . 3  - Defin i t ion :  A l o c a l  mapping r e l a t i o n  Q c X x Y is s a i d  t o  

have t h e  p a t h - l i f t i n q  property for  a set  To c 

p E To and any yo E $J [ p ( O ) ]  t h e r e  e x i s t s  a path q E 

t h a t  q ( 0 )  = yo and p ( ~ )  9 q ( T ( t ) )  f o r  t E J and some parameter 

t ransformat ion  T .  W e  c a l l  q a l i f t i n g  of p through y and 

w r i t e  p @ q. 

i f  for any 

T(Y) such 

0 
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This d e f i n i t i o n  represents  a simple modif icat ion of the 

l i f t i n g  concept used i n  t h e  theory  of  covering maps i n  a l g e b r a i c  

topology. The announced r e s u l t  can now be phrased as follows. 

3.4 - Theorem: L e t  Q C X x Y be a l o c a l  mapping r e l a t i o n ,  

Then 

only  i f  Q has  the cont inuat ion proper ty  for 

Proof:  Clear ly ,  t h e  p a t h - l i f t i n g  proper ty  impl ies  the  continua- 

t i o n  property.  Suppose, therefore ,  t h a t  @ has the cont inua t ion  

p rope r ty  for? E Y w i t h  p ( 0 )  Q yo a r e  given, 

t h e  earlier descr ibed cont inuat ion process  a s su res  t h e  ex i s t ence  

of  a continuous func t ion 'q :  [O,;) C J + Y with q ( 0 )  = yo# p ( t )  

Q has  t h e  p a t h - l i f t i n g  proper ty  f o r  To C T ( X )  i f  and 

T O  

I f  p E yo and y 
3 0' 0 

Q q ( t )  f o r  t E [ d , c )  and some 2 E ( O , l ] .  L e t  e be the maximal 

va lue  wi th  t h i s  proper ty  i n  J, By assumption, a sequence 

{t,] C [O,e) e x i s t s  w i t h  l i m  \ = € 8  l i m  q ( 5 )  = 9 and p ( € )  @ 9 .  
k+m k d m  

I f  U ( p ( € ) )  and V ( 3 )  i s  a p a i r  of canonical  neighborhoods and cp 

the corresponding canonical map, then p ( t )  E U ( p ( € ) )  f o r  

t E [€-6,€] and q ( \ )  E V ( p )  f o r  l a r g e  k. Hence, by cons t ruc t ion  

and c o n t i n u i t y  of q it f o l l o w s  t h a t  q ( t )  = cp(p ( t ) )  E V ( 9 )  f o r  

t E [€-6,€) and the re fo re ,  because of t h e  c o n t i n u i t y  of cp, 

l i m  q ( t )  = l i m  cp(p( t ) )  = cp(p(e)) = 9 .  Thus, by s e t t i n g  .q(€)  = 9 ,  
t-4 t 4  
q i s  cont inuously defined for  0 5 t 5 e. I f  € < 1, then also p ( t )  
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E U ( p ( e ) )  f o r  t E [€,€+6'), 6 '  > 0,  and, therefore, q ( t )  

= cp(p( t ) )  i s  def ined up t o ' s o m e  l a r g e r  t than e; and t h i s  

c o n t r a d i c t s  t h e  maximality of € i n  J. Therefore,  w e  must 

have € = 1; and t h i s  proves t h a t  I has  t h e  p a t h - l i f t i n g  

p rope r ty  fo r  . 
W e  t u r n  now to  t h e  consequences of the  p a t h - l i f t i n g  pro- 

pe r ty .  A f i r s t  r e s u l t  s t a t e s  t h a t  a l i f t i n g  of a pa th  q i s  

This fact  i s  Yo uniquely determined by the  i n i t i a l  p o i n t  

ha rd ly  s u r p r i s i n g  i n  view of the cont inua t ion  idea  behind the 

p a t h - l i f t i n g  concept.  

3.5 - Theorem: L e t  i C X x Y be a l o c a l  mapping r e l a t i o n  wi th  

the p a t h - l i f t i n g  proper ty  f o r  To C T ( X ) .  

two L i f t i n g s  of p E 7, w i t h  ql(0) = q 2 ( 0 )  = y o ,  then  q 

Proof: 

I f  q1,q2 E T ( Y )  are 

- 
q2 

= 
1 

By assumption we have p ( t )  @ q. ( ~ ~ ( t ) ) ,  t E J, i = 1 , 2 ,  
1 

w h e r e  T , T are c e r t a i n  parameter t ransformations.  Introduce 1 2  

imp l i e s  t ha t  e = s u p { t  I t E Jo] i s  well-defined and by c o n t i n u i t y  

w e  have 

p a i r  of canonical  neighborhoods of 2 = p ( € ) ,  9 ,  = ql(T1(C)) with 

t h e  corresponding canonical map cp. Then p ( t )  E V ( 2 )  f o r  

E Jo. Suppose t h a t  C < 1, and l e t  U(2), V(Q1) be a 

t E [ € , € + 6 1  with 6 > 0 and hence q ( T  ( t ) )  = cp(p( t ) )  = q ( T  ( t ) )  1 1  2 2  



- 1 2  - 
. .  

f o r  t h e s e  t. This con t rad ic t s  t h e  cons t ruc t ion  of e and hence 

we  have e = 1 and the re fo re  q 
1 - q2= 

As a f i r s t  a p p l i c a t i o n  w e  o b t a i n  the following r e s u l t !  

3 . 6  - Theorem: L e t  Q C X x Y be a l o c a l  mapping r e l a t i o n  with 

t h e  p a t h - l i f t i n g  proper ty  for t h e  admissible  se t  To c ? ( X I .  

A s s u m e  f u r t h e r  t h a t  X is l o c a l l y  fl/?o-path-connected and l e t  

X = u X be the decomposition of X i n t o  i t s  TO-path-compon- 
CLEM ' 

e n t s .  Then, each one of the  p a r t i a l  r e l a t i o n s  Q = Q f l  (X x Y) 
CL CL 

i s  a local mapping r e l a t i o n  with the  p a t h - l i f t i n g  proper ty  f o r  

TCL = "po r l  " p X p ) .  Moreover, f o r  f i xed  p t he  c a r d i n a l i t y  of 

the  set [x]  i s  independent of t h e  choice of x E X 
CL P- 

Proof:  I n  order  t o  s h o w  t h a t  D ( Q  = X l e t  (x  , y  1 E Q and 
P P 0 0  P 

cons ider  any po in t  x G X . Then t h e r e  e x i s t s  a pa th  p E 
P P 

connecting x and x and hence a l s o  a pa th  q E T(y)  with q ( 0 )  

= yo and p iP q. 

now U(x ) ,V(y ) be a p a i r  of canonical  neighborhoods under Q 

and cp t h e  corresponding canonical map. Then there e x i s t s  an 

0 

Hence, x @ q ( 1 )  and t h e r e f o r e  x E D(Q ) .  L e t  
CL 

0 0 

open yo-path-connected neighborhood U (x ) c U(x ) of x i n  X. 

But then Uo(xo) C XCL i s  open i n  X and U o ~ x o ) , V ( y o )  c o n s t i t u t e s  

a p a i r  of canonical  neighborhoods of  (x  

t i o n  I u (x  ) of cp a s  corresponding canonical  map. Thus, 

0 0  0 0 

P 

) E Q with t h e  restric- o t Y o  CL 

0 0  
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Q i s  again a l o c a l  mapping r e l a t i o n  and c l e a r l y  Q i n h e r i t s  

from Q t h e  p a t h - l i f t i n g  property.  
P v 

To prove t h e  l a s t  par t  of t h e  s ta tement ,  l e t  x ,x E X be 
0 1' CL 

any t w o  po in t s .  

hence f o r  a r b i t r a r y  y E ih [x ] t h e r e  e x i s t s  a unique l i f t i n g  

q E T ( Y )  of p through y Thus, q ( 1 )  E Q [x l l  and b y  Theorem 

3 . 5  t h e  correspondence y - q(1 )  i s  f o r  f ixed  p a mapping TT 

Then t h e r e  is a pa th  p E 17 connecting them and 
P 

0 I J . 0  

0' c1 

0 - 
from ih [x 3 i n t o  + [x 1. This mapping is i n j e c t i v e :  i n  f a c t ,  

P O  P 1  

i f  qi E y ( Y ) ,  i = 1 , 2  a r e  l i f t i n g s  of p with q l ( l )  = q 2 ( l ) ,  

then t h e  r eve r se  pa ths  qi are l i f t i n g s  of t h e  reverse  pa th  6 
and hence by 3.5 it fol lows t h a t  i1 

- 

- 
and t h e r e f o r e  q ( 0 )  1 - 9 2  

= q2(0). I f  t h e  reverse  path 6 i s  used t o  de f ine  i n  t h e  same 
- 

manner a mapping n from 9 [x ] i n t o  @ CX,], 3.5 implies  again 
P 1  P 

- -1 t h a t  n = n . Hence, a l toge ther ,  n i s  b i j e c t i v e  and ip [xol  
CL 

and Q [x, ] have t h e  same c a r d i n a l i t y .  This completes t h e  proof .  
P - 1  

One of t h e  c e n t r a l  r e s u l t s  of our theory  i s  the f a c t  t h a t  

local  mapping r e l a t i o n s  with t h e  p a t h - l i f t i n g  proper ty  f o r  

a l so  l i f t  yo-pa th  homotopies. 

0 

The proof of t h e  following theorem i s  an adapta t ion  of  a 

proof by Schubert  [ l o ]  f o r  covering mappings. 

3.7 - Theorem: L e t  Q! C X x Y be a l o c a l  mapping r e l a t i o n  with t h e  

p a t h - l i f t i n g  proper ty  f o r  To C T ( X ) .  For a yo-path homotopy 

h i n  X and a pa th  q E p ( Y )  with g( . ,O) Q q t h e r e  e x i s t s  a 0 0 
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12 (Y)-path homotopy h i n  Y and, parameter t ransformat ions  

T 'T 

h( . ,O)  q . Moreover, if fi i s  any o t h e r  y ( Y ) - p a t h  homotopy 

i n  Y with the same p r o p e r t i e s ,  then h G ,  

such t h a t  g ( s , t )  Q h ( T 1 ( s ) ' T 2 ( t ) ) ,  s 0 t  E J, and 1 2  
0 

Proof:  

yo and hence there e x i s t s  a unique p a t h . q  

and qs(0) = q ( s ) .  L e t  h be any y(Y)-pa th  homotopy i n  Y 

For f ixed  s E J, p s ( t )  = g ( s , t ) ,  t E J de f ines  a pa th  of 

,3 qs E-f?(Y) w i t h  p 
S S 

0 

w i t h  the s t a t e d  p r o p e r t i e s .  Then, a f t e r  a s u i t a b l e  parameter 

0 transformation,we have h(s,O) = q ( S I - f o r  any s E J and hence 

s E J. This shows t h a t  h is uniquely u 

qS 
by 3 . 5 0  h ( s , . )  = 

determined up t o  parameter t ransformations,  Therefore,  i f  t h e  

mapping h: J x J c R2 4 Y i s  def ined  by h ( s , t )  = q , ( t ) ,  s , t  E J, 

then  a l l  t ha t  remains i s  t o  prove t h e  c o n t i n u i t y  of h on J x J. 

Suppose g i s  discontinuous a t  ( s  t ) E J x J and t h a t  

i s  t h e  infimum of a l l  those t E J f o r  which g i s  discon- 

0' 1 

t inuous  a t  ( so , t ) .  

U(xo) , v ( y  ) be a p a i r  of canonical neighborhoods and 

S e t  xo = g ( s o t t O )  and yo = h ( s o , t o ) ,  and l e t  

cp t h e  
0 

corresponding canonical  map. Since h i s  continuous on J x J, 

there e x i s t  open neighborhoods J(so) and J ( tO)  of so and to 

cases: 

Case 1: 
0 

to = 0, Then, yo = h(so ,O)  = q (so)  and because of t h e  
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0 c o n t i n u i t y  of q t h e r e  e x i s t s  an open neighborhood J ' ( so )  

of so i n  J such t h a t  q (J' ( s o ) )  c V ( x , )  . It is  no restric- 

t i o n  t o  assume t h a t  J' ( s  ) = J(so) .  

= q ( s )  = h ( s O O )  for ( s O O )  E J (so)  x J ( 0 )  and t h e r e f o r e  cp(g(s, t))  

= cp(ps( t ) )  = q s ( t )  = h ( s , t )  f o r  ( s 0 t )  E J(so) x J ( 0 ) .  

also h 

c o n t r a d i c t s  t h e  cons t ruc t ion  of t = 0. 

Case 2: to > 0. Since p (.) i s  continuous i n  t we can choose 

t' < t t ' )  = qs ( t ' )  E V ( y o ) .  

By assumption h i s  continuous i n  both v a r i a b l e s  a t  ( s  t ' )  and 

hence t h e r e  e x i s t s  a neighborhood J '  ( s  ) of s i n  J# which w e  

can assume t o  be equal  t o  J ( s  1 0  such t h a t  h ( J ( s o ) , t ' )  c V ( y o ) .  0 

But then 3,5 impl ies  again t h a t  cp(g(s,t)) = cp(p,(t/)) = q s ( t )  

= h ( s , t )  for each s E J(so)  and a l l  t E J( tO).  

t h a t  h is continuous i n  an e n t i r e  neighborhood of ( s  t ) i n  

c o n t r a d i c t i o n  t o  t h e  cons t ruc t ion  of T h i s  completes t h e  

proof . 

0 

a 
This means t h a t  c p ( g ( s , O ) )  0 

1 

1 

I 
8 
t 

8 

0 1 
With cpg 

is  continuous a t  a l l  p o i n t s  of J (so)  x J ( 0 )  and t h i s  

1 0 

0 S 

such t h a t  t '  E J(tO) and t h a t  h ( s  
0 0 0' 

0' 

0 0 

1 
This means again 

0' 0 

This theorem permi ts  u s  to  prove t h e  fol lowing "g loba l"  

K- r e s u l t  f o r  local  mapping r e l a t i o n s .  W e  c a l l  t h e  space 

simply-connected i f  it i s  path-connected under ?po 
t w o  p a t h s  of To 

and i f  any 

w i t h  t h e  same endpoints  are yo-homotopic 

8 

1. I 
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3 . 8  - Theorem: L e t  + C X x Y be a l o c a l  mapping r e l a t i o n  w i t h  

t h e  p a t h - l i f t i n g  proper ty  for t h e  admissible  s e t  yo C ?(XI and 

suppose t h a t  X i s  To-simply-connected and l o c a l l y  ?Pg-path- 

connected. Then t h e r e  e x i s t s  a family of continuous mappings 

F : X -. R(O) with F ( X )  = Q , p E M such t h a t  R(@) = u Q  and 

x o F x ,  0 ~ x 1  = CF ~ X I  CIEM for each x E X. 
v P P P a  CL 

The index s e t  M h a s  
Cl 

t h e  same c a r d i n a l i t y  a s  t h e  s e t s  +[XI (see 3 . 6 ) .  

Proof: For given x ,x  E X we generated i n  t h e  proof of 3.6 a 

b i j e c t i o n  n between @[x ] and @[XI as follows: L e t  p be a 

f ixed  pa th  connecting x and x and yo E CP[xo] any p o i n t ;  then  

t h e r e  e x i s t s  a unique l i f t i n g  q of p with i n i t i a l  p o i n t  

0 

0 

0 

and n (yo)  = q(1)  def ines  the des i r ed  b i j e c t i o n  from @[x 3 onto 

@[XI. 

given x x E X t h e  bi ject ion TT = n f r o m  +[x 3 onto @[XI does 

n o t  depend'on the choice o f  p. L e t  p '  be any o t h e r  pa th  connec- 

t i n g  x w i t h  x and q' the  l i f t i n g  of p '  w i t h  i n i t i a l  p o i n t  

yo E +[xo]. There e x i s t s  a homotopy y i n  x w i t h  g ( 0 , t )  = p ( t ) ,  

g ( l , t )  = p ' ( t ) ,  ( t  E J), g(s,O) = x g ( s , l )  = x, ( s  E J). Hence, 

- 3.7 implies t h e  ex i s t ence  of  a unique pa th  homotopy h i n  Y f o r  

0 

W e  show t h a t  when 

0' 

X is yo-simply connected, then f o r  

x x  0 0 

0 

0' 

which--after a s u i t a b l e  parameter t ransformation--g(s ,  t )  CP h ( s ,  t )  

and h ( s , O )  = yo ,  ( s , t  E J ) .  

h(O, . )  q, h ( l , . )  .q' and hence t h a t  y = q ( 1 )  = h ( 0 , l )  and 

Therefore, it follows from 3.5 t h a t  
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y '  = q'(1) = h ( 1 8 1 ) .  B u t  then, x = g(S81) 4 h ( s , l )  f o r  s E J, 

t oge the r  with t h e  c o n t i n u i t y  of h ( . , l ) ,  and t h e  l o c a l  mapping 

proper ty  of Q n e c e s s a r i l y  i m p l i e s  t h a t  y = y ' .  

By 3.6 pEMf NOW l e t  xo E X be a f ixed  p o i n t  and Q[x ] = 0 

t h e  c a r d i n a l i t y  of t h e  index s e t  M i s  i n v a r i a n t  under changes of 

For given y E @ [ * O ]  t he re  e x i s t s  f o r  each x E X a unique 
0' P 

X 

y = n(y  E @[XI  w h e r e  n = n i s  t h e  b i j e c t i o n  cons t ruc ted  above. x x  
0 P 

L e t  Q = {y E R ( Q )  I y = n(y  1 3 8  then, because of the b i j e c t i v i t y  
CL CL 

of 

i n  a t  l e a i t  one 

n, it follows immediately that  every y E R(Q) must be contained 

Q 8 i.e.8 t h a t  UQ = R(Q). 
v CLCM P 

Clear ly ,  t h e  correspondence x E X - 
a mapping F : X - R ( i )  wi th  F ( X )  = Q . 
of TT we then have x Q F x ,  and @[XI = 

P P CL 

x x  CL 0 
t o  be shown t h a t  F i s  continuous a s  a 

CL 
For t h i s  we  prove first t h a t  l o c a l l y  F 

P 

i ca l  mappings. L e t  2 E X and 9 = F be 
CL 

be a p a i r  of canonical  neighborhoods and 

y = TI (y  ) E Q de f ines  
xox CL 

I n  view of t he  p r o p e r t i e s  

mapping from x i n t o  R(Q). 

coinc ides  w i t h  the  canon- 

cp the  corresponding 

canonica l  map. Since X is l o c a l l y  yo-path connected, it is  no 

r e s t r i c t i o n  t o  assume f r o m  t h e  o u t s e t  t h a t  U ( 9 )  i s  yo-path connected, 

L e t  x E U ( 2 )  be any p o i n t  and y = cp(x) E V ( 9 ) .  There e x i s t s  a 

pa th  p" E "po from 2 t o  x i n  U ( b )  and hence, i f  p '  i s  any pa th  

from x t o  2, the concatenation p T p" d e f i n e s  a pa th  p from 
0 
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x t o  x. No\ 0 l e t  q' b any l i f t i n  of p '  wi th  i n i  i-31 p o i n t  

a l i f t i n g  of p"  w i t h  i n i t i a l  p o i n t  Q, it follows t h a t  t h e  con- 

ca t ena t ion  q'q" provides  u s  with a l i f t i n g  q of p with i n i t i a l  
n 

p o i n t  y . But then,by d e f i n i t i o n  o f  F we have F x = q ( 1 )  = y 

= cp(x) as s t a t e d .  The cont inui ty  of F i s  now an  easy consequence. 

I n  fac t ,  i'f V ( p )  is  any open neighborhood of Q i n  

~ ~ ( 9 )  = V(Q)  r l  V ( Q )  and hence, by c o n t i n u i t y  of 

P P '  P 

P 
Rm, then so i s  

cp, cp 

t h i s  s h o w s  t h a t  F i s  indeed continuous a t  9. 
CL 

Note t h a t  i n  genera l  t h e  Q are n o t  d i s j o i n t  as the simple 
P 

1 1 example shows: X = [0,2] C R , Y = [0,3] C R and @[XI = [2-x,3-x1, 

0 L x 2. H e r e  w e  have M = [1,2), Q1 = [0,2], Q2 = [1,3] and 

F X = 2 - ~ ,  F2y = 3-X. 1 

There i s  one important case when t h e  Q a r e  d i s j o i n t  and i n  
P 

' f a c t  when they are the To-path components of Y. W e  s h a l l  d i scuss  

t h i s  case i n  the next  Sect ion.  

W e  conclude t h i s  Sec t ion  with two somewhat d i f f e r e n t  r e s u l t s .  

The first provides  a s u f f i c i e n t  condi t ion  f o r  a r e l a t i o n  t o  be a 

l o c a l  mapping r e l a t i o n  w i t h ' t h e  p a t h - l i f t i n g  property,  and t h e  

second uses  t h e  p a t h - l i f t i n g  property t o  determine t h e  domain of a 

local  mapping r e l a t i o n .  

L I 
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le ,allowing def ini t ioin r ep resen t s  an 

d e f i n i t i o n  of a covering map: accordingly a 

i s  used. 

3.9 - Defin i t ion :  A r e l a t i o n  + c X  x Y with 

extension of t h e  

corresponding name 

D ( + )  = X i s  c a l l e d  a 

covering r e l a t i o n  i f  f o r  each x E X t h e r e  e x i s t s  an open neighbor- 

hood U(x) such t h a t  Qcu(x) ]=  U V  where the V a r e  d i s j o i n t  

( r e l a t i v e l y )  open sets i n  R ( Q )  and f o r  each p E M t h e  restric- 
(h€M IL CL 

t i o n  cp = Q n ( ~ ( y )  x v ) is a continuous mapping from U ( X )  i n t o  
P CL 

V . ’ U(x) i s  c a l l e d  an admissible neighborhood of x. 
CL 

3.10 - Theorem: A covering r e l a t i o n  G C X x Y i s  a local mapping 

r e l a t i o n  with the p a t h - l i f t i n g  proper ty  for y ( X ) .  

Proof:  

and ‘QIU(xo)l  = P$pO where t h e  V 

0 L e t  (xo,yo) E 4 ,  U(x ) an admissible  neighborhood of x 0 

are as s ta ted i n  3.9. Then, 
PJ 

E V f o r  e x a c t l y  one po E M and U(yo),V i s  ev iden t ly  a p a i r  
PO CL 

of  canonica l  neighborhoods of (xOO yo ) E + #  i.e.8 Q 

mapping r e l a t i o n .  

i s  a l o c a l  

L e t  now p E T ( X )  be any path.  Since p ( J )  i s  compact, t h e r e  

i = 1 such t h a t  p ( t )  E U tk+l e x i s t s  a p a r t i t i o n  o = t e t <...c 0 1 

where Ui = U ( p ( t i ) ) ,  i = O,l,...,k a r e  admissible  i+l f o r  ti 2 t L t 

neighborhoods of  p (ti) . F o r  given y E G[p(O) ] w e  use induct ion  0 

t o  c o n s t r u c t  t h e  l i f t i n g  q of p through yo.  Suppose q h a s  

a l r eady  been def ined  f o r  0 t 5 t i 0  i - > 0. Then, q ( t i )  E 4 [ p ( t i ) ]  



I *  
I 
I 
1 
1 
I 
8 
I 
8 
1 
t 
I 
8 
1 
8 
I 
I 
1 
1 .  

? 

- 20 - 

c +[Vi] = U V  and q ( t .  ) belongs t o  exac t ly  one V . Since  
ClGM P 1 

i n t o  V and 
PO 'i = Q n (u. x V ) is  a continuous map from 

PO % 1 

s i n c e  p ( t )  E u f o r  t < t ti+l, it follows t h a t  q ( t )  = cpp(p( t ) )  i i -  

( t .  c t 5 t i+ l ) r ep resen t s  a well-defined continuous extension of 
1 

This completes t h e  i+l q, i.e.8 q i s s n o w  def ined  f o r  0 L t 5 t 

induct ion ,  and, t he re fo re ,  Q h a s  t h e  pa th - l i f t i ng  property.  

3.11 - Theorem: L e t  Q C Y x X be a l o c a l  mapping r e l a t i o n  on 
0 

x Y# where x X is  open i n  X ,  and X i s  yo-path connected xO 0 

fo r  a se t  yo c y ( X )  which i s  c losed  under segmentation. 

f u r t h e r  t h a t  

Then xio = X. 

Proof:  

between x and X. Then, Jo = {t E J I p ( t )  E X 1 i s  n o t  empty 

and s i n c e  

proper  subse t  of 

b u t  e $ Jo. 

t o  p ( t ' )  i s  a pa th  p '  i n  Po n ^ p ( X o )  and hence p '  can be 

l i f t e d  i n t o  Y. Since t '  w a s  a r b i t r a r y ,  t h i s  implies  t h e  exis-  

Suppose 

Q has  t h e  cont inua t ion  proper ty  f o r  ?po n r ( X o ) .  

L e t  ( x o # y O )  E @ 0  x E X be any po in t ,  and p E To a pa th  

0 0 

i s  open i n  x# Jo i s  open i n  J. I f  Jo i s  a 

J, t h e r e  e x i s t s  a e E J such t h a t  [ O , e )  C Jo 

For any t '  E [O,e) the c losed  segment of p f r o m  p ( 0 )  

xO 

t ence  of a continuous funct ion q: [O,e) C J -.) Y w i t h  p ( t )  Q q ( t )  

f o r  0 5 t c e. Therefore,  by the cont inua t ion  proper ty ,  t h e r e  

e x i s t s  a sequence { t k ]  C [O,e) such t h a t  ,llg t+ = €, x+co l i m  q (  5) = 9 
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and p ( e )  @ 9 .  But t h i s  implies that  e € Jo, against  assumption, 

and hence we have J = J, and therefore x E Xo, i . e . ,  Xo = X .  
0 
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4. APP l i c a t i o n s  t o  Equations Fy = x 

Throughout t h i s  s e c t i o n  w e  cons ider  a map F: Y - X from Y 

onto X and t h e  corresponding inve r se  graph 

{ ( x O Y )  E X X Y I X = Fy] - ril - 

The following theorem provides an answer t o  t h e  ques t ion  

-1 when TF is  a local mapping r e l a t i o n .  

4.1, - Theorem: Given a mapping F: Y -+ X from Y onto x# t h e  

-1 
i s  a l o c a l  mapping r e l a t i o n  i f  and only i f  rF 

inve r se  graph 

F 

Proof:  L e t  TF be a ’ l o c a l  mapping r e l a t i o n  and consider  for  some 

(xo,yo)  E TF 

t h e  corresponding canonical  map cp. Then f o r  any x E U(x ) 

t h e r e  i s  e x a c t l y  one y E V(y ) such t h a t  Fy = X I  i .e . ,  F IV(yO)  

i s  i n j e c t i v e .  

is open and l o c a l l y  one-to-one. 

-1 

-1 a pair  of  canonical neighborhoods U(x ) # v ( y  ) and 
0 0 

0 

0 

I f  Q c Y i s  open and yo E Q, t h e n  a l s o  V (y  ) 
0 0  

= V(y ) n Q i s  open i n  Y and U (x = rp -1 (Vo(yo))  C U(xo) 0 0 0  

i s  open i n  u ( x o )  and thus  in X. Therefore,  F ( V  ( y  ) )  

= (F~Vo(yo) )Vo(yo)  = ( F I V O ( Y O ) ) c p ( U O ( ~ O ) )  = Uo(xo) and hence F ( Q )  

i s  open i n  X. 

0 0  

Conversely, l e t  F be open and l o c a l l y  one-to-one. Then, 

-1 
f o r  any (yOOxO) E rF 
yo i n  Y such t h a t  F I V ( y O )  is one-to-one. Hence, FV(yO)  = U(xo) 

t h e r e  e x i s t s  an open neighborhood v(y ) of 
0 

c 
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with xo = Fyo i s  open i n  X and (FIV(yo))  -1 i s  an i n j e c t i v e  and 

continuous mapping from U ( x  ) onto V(y ).  0 0 

For t h e  following w e  s h a l l  assume t h a t  F no t  only s a t i s -  

f i e s  t h e  condi t ions  of t h i s  theorem b u t  i s  even a l o c a l  homeo- 

morphism i n  t h e  usual  sense,  i .e. ,  t h a t  f o r  each y E Y t h e r e  

ex i s t  open neighborhoods U(Fy), V(y) of Fy and y i n  X and 

y, r e spec t ive ly ,  such t h a t  F(V(y)  i s  a homeomorphism from V(y) 

onto U(Fy). For l o c a l  homeomorphisms,theorem 3.8 can be s t r eng th -  

ened; more s p e c i f i c a l l y , i t  t u rns  ou t  t h a t  i n  t h i s  case  t h e  sets 

Q occurr ing  i n  tha t ' theorem are t h e  pa th  components of Y. 
c1 

4.2 - Theorem: 

on to  X 

Let F: Y + X be a l o c a l  homeomorphism from y 

and Ty C y ( Y ) ,  "px C p(X) admissible sets such t h a t  

"13Y =12x and t h a t  X is px-simply connected and l o c a l l y  px-pa 1 1 ,  

connected. Suppose t h a t  @ = r -1 has  t h e  p a t h - l i f t i n g  proper ty  f o r  F 

yx and t h a t  every @ - l i f t i n g  of a pa th  from "px i s  contained i n  

"p. Then, f o r  each Ty-path component Y of Y, FIY i s  a 
P P 

homeomorphism from Y onto X. 

Proof:  

3 

I n  comparison t o  = t h i s  theorem s t a t e s  mainly t h a t  

Q = Y . Y e t  it i s  e a s i e r  t o  prove 4.2 d i r e c t l y  without r e fe rence  
CL P 

t o  3 . 8 .  - 
Given a * -! -path Component Y l e t  yo E Y and x = Fyo be 

P P IY 
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f ixed ,  and x E X an a r b i t r a r y  poin t .  

connecting x and x and q E y ( Y )  a + - l i f t i n g  of p with 

I f  p E Tx i s  a pa th  

0 

q ( 0 )  = yo' then q E yyc and hence n e c e s s a r i l y  q E cpy n 1. 
CL 

Therefore,  Fq(1 )  = p ( 1 )  = x and q ( 1 )  E Y impl ies  t h a t  x E Fy 
CL CL 

and thus  t h a t  FY = X. I n  order t o  show t h a t  F lyCL i s  in j ec -  

t i v e ,  suppose t h a t  Fy' = Fy" = x f o r  y '  # y" i n  Y and some 

x E X. 

with y ' ,  and 

IJ1 

CL 

YO men ,  t h e r e  a r e  paths q ' , q "  E Ty n ?(Y) connecting 

with y"  r e spec t ive ly ,  and hence p ' ( t )  YO 

E 'PY = Fq' ( t ) # p " ( t )  = F q " ( t ) ,  t E J def ines  two. p a t h s  p ' # p "  

C T f b o t h  of which connect  x and x. Therefore, t h e r e  e x i s t s  
0 

a yx-path homotopy g i n  X w i t h  g ( O , t )  = p '  ( t ) , g ( l , t )  = p " ( t ) ,  

g ( s , o )  = x o , g ( s , l )  = X , ( t , s  E J) and 3.7 impl ies  the ex i s t ence  of 

a p a t h  homotopy h i n  Y f o r  which--after s u i t a b l e  parameter 

transformations--Fh(s,t) = g ( s # t ) , h ( S # 0 )  = yo, s , t  E J. 

h ( O , . )  q ' , h ( l , . )  q" and thus h ( O , l )  = x '  # x" = h ( l , l ) , w h i l e  

Hence, 

on t h e  o t h e r  hand F h ( . . l )  = x .  This c o n t r a d i c t s  t he  l o c a l  homeo- 

morphism p rope r ty  of F, and t h u s  F I Y  i s  i n j e c t i v e .  F ina l ly ,  t o  
CL 

show t h a t  ( F I Y  )-l i s  continuous,  consider  y E Y and x = Fy and 
P I.1 

a p a i r  of canonical  neighborhoods U(x) ,V(y)  of CP. Then, t h e r e  

e x i s t s  a -path-connected neighborhood U (x )  C U(x) ,  i .e. ,  

V, (y )  = (FlU(y))-'U0(x) C V ( y )  i s  yy-path connected and hence 

I?! 0 

contained i n  Y . Thus, F l Y  i s  a l o c a l  homeomorphism from Y 
I.1 I.1 )I 
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onto X and hence FIY is open. This completes the proof. 
c1 

In many applications the following corollary will be useful: 

4.3 - corollary: Let F: Y 4 X be a local homeomorphism and 

suppose that Y is T(Y)-path connected and X is y(X)-simply 

connected and locally y(X)-path connected. Then F is a homeo- 

morphism from Y onto X if and only if rF 
continuation property. 

has the y ( X ) -  -1 

The necessity of the continuation property added in this 

result is self-evident, and the sufficiency follows directly from 

4.2 since y(X) and ? p ( Y )  satisfy the conditions placed there on 

e .  

8 respectively. ??x and 13Y 

For the case of mappings between normed linear spaces we can 

combine this result with Theorem 3.11 and obtain the following 

interesting result. 

4.4 - Theorem: Let F: D C W 4 V be a local homeomorphism from an 

open, T(W)-path-connected subset D of the normed linear space 

W into another such space V. Then F is a homeomorphism from 

has the (F(D))-continuation P -1 
rF D onto V if and only if 

property. 

The necessity is again evident. For the proof of the suffi- 

ciency set y = D and Xo = F(D). Then, X is open and (X)-path 0 ? 
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connected i n  X = V. Because of t h e  y(Xo)-cont inua t ion  proper ty  

of rF , 3.11 t h e r e f o r e  i m p l i e s  t ha t  Xo = X, and thus  t h e  remain- 

de r  of t h e  s ta tement  is  a d i r e c t  consequence of  4,3. 

-1 

The cont inua t ion  property i s  an ope ra t iona l  condi t ion  t h a t  

may be d i f f i c u l t  t o  v e r i f y  i n  concre te  s i t u a t i o n s .  For compact 

mappings of a normed l i n e a r  space i n t o  i t s e l f  t h e r e  e x i s t s  a 

f a i r l y  simple condi t ion  which a s s u r e s  the cont inua t ion  proper ty  

-1 f o r  rF . This condi t ion  i s  a modif icat ion of the so-cal led 

coerciveness  condi t ion  used i n  t h e  theory of  monotone mappings. 

4.5 - Defin i t ion :  A mapping F: D C T V  + V w i t h  domain and range 

i n  a normed l i n e a r  space 

y 2 0 there e x i s t s  a closed,  bounded set  D 

f o r  a l l  x E D - D . 

V is c a l l e d  norm-coercive i f  f o r  any 
4 

C D such t h a t  (IFxII > y 
Y 

Y 
Note t h a t  f o r  D = V, F is norm-coercive i f  and only i f  

4.6 - Theorem: Suppose t h a t  G: D C V + V i s  s e q u e n t i a l l y  compact 

on t h e  open, (V)-path-connected s e t  D i n  t h e  normed l i n e a r  

space V, and t h a t  F = I - G is a norm-coercive l o c a l  homeomorphism. 

Then, F i s  a homeomorphism from D onto V. 

Proof:  I n  view of 4.4 it s u f f i c e s  t o  show t h a t  

P 

-1 has  the 
rF 

 contin continuation property.  L e t  p E ? p ( F ( D ) )  be given and 
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q: [ O l e )  C J .-) D a continuous func t ion  with F q ( t )  = p ( t )  f o r  

0 5 t < e. Since P ( J )  i s  compact, y = ~ $ 4  p ( t )  e x i s t s  and by 

norm-coerciveness there is  a c losed  bounded set D c D such 
Y 

t h a t  llFxI.1 > y for  a l l  X E D - D . 
f o r  t E [ O . e ) .  Hence if {t 1 C [ O l e )  i s  any sequence wi th  

tk = € 8  then  { G q ( \ )  ] C GD 

But then  n e c e s s a r i l y  q ( t )  E D 
Y Y 

$5 k 

h a s  a convergent subsequence. Sup- 
Y 

pose t h i s  subsequence i s  again denoted by { G q ( \ )  1 and t h a t  

$- i m  G q ( \ )  = 9 ' .  If i 4 0  i m  Fq ( \ )  = &&; p ( 5 )  = p ( € )  = 9, then  

Ilq(\) - (9  + 9'111 < Ils(\) - - 911 + IIGq(\) - 9'11 

= h'\' - 4'1) + l I G q ( \ )  - 3'11 

and hence q ( \ )  = 9 + 9 ' .  Because { q ( \ ) ]  C D and D i s  

c losed ,  w e  have 9 + 9' E D C D and hence by c o n t i n u i t y  F(y  + y ' )  
Y Y 

Y 

indeed h a s  the ( F ( D )  ) con t inua t ion  P -1 = p (e)  which proves t h a t  

p r o p e r t y  . 
For f i n i t e  dimensional V t h i s  r e s u l t  can, of course,  be 

s i m p l i f i e d  considerably.  

4.7 - Theorem: L e t  V be a f i n i t e  dimensional normed l i n e a r  

space  and F: D c V 4 V a norm-coercive local  homeomorphism on 

the  open, (V)-path-connected set  D C V. Then, F i s  a homeo- 

morphism from D onto V. 

T 

The proof i s  a s i m p l e  adaptat ion of t h a t  of 4.6. I n  p r i v a t e  - 
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d i scuss ions ,  J. Ortega noted t h a t  i n  t h i s  case  t h e  norm-coercive- 

n e s s  i s  a l s o  necessary.  

from D onto V and S = S ( 0 , y )  = [x E V I IIxII y ]  f o r  some 

> 0,  then D = F S i s  closed and bounded, and y E V - D Y -  

i m p l i e s  t h a t  Fy E S, or IIFylI > y, i .e. ,  F i s  norm-coercive. 

I n  f a c t ,  i f  F: D c V + V i s  a homeomorphism 
- 

-1 
Y Y 

The l o c a l  homeomorphism condi t ion  i n  t h e  l a s t  theorems can, 

of course,  be replaced by assumptions guaranteeing the v a l i d i t y  

of some l o c a l  inverse  function theorem. For  i n s t ance ,  l e t  us  

cons ider  t he  following version of  a wellknown theorem of H i l d e -  

b r and t  and Graves [71: 

For the mapping F: D C W -, V be tween  t he  Banachspaces W,V 

suppose there e x i s t s  a l i n e a r  ope ra to r  A: W + V w i t h  

bounded inverse  A E L(V,W) , such  t h a t  -1 

. . . .  

f r o m  s o m e  b a l l  s ( y o , y )  C D. Then, f o r  any 1 ’ *2  
f o r  a l l  y 

x E g(Fyo,a), where o = ( l lA 

Fy = x has a s o l u t i o n  

-1 -1 1 1  
E s ( y o , y )  w h i c h  i s  unique i n  

- CY) y ,  the  equat ion 

YX 

t h a t  b a l l  and which v a r i e s  cont inuously w i t h  x. 

The proof i s  wellknown. 

I n  o rde r  t o  apply our previous theorems w e  need t o  e s t a b l i s h  

- 1. cond i t ions  which a s su re  the cont inua t ion  proper ty  f o r  rF . A 

r a t h e r  simple approach along th i s  l i n e  l e a d s  t o  the  fol lowing 
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theorem e s s e n t i a l l y  due t o  Ehrmann [4]: 

4.8 - Theorem: L e t  F: D C W -, V be a continuous mapping from t h e  

open, r(W)-path-connected subset  D of  t h e  Banachspace W i n t o  

t h e  Banachspace V. Suppose t h a t  f o r  each y E D t h e r e  e x i s t s  a 

l i n e a r  opera tor  A : W -, V with bounded inve r se  A -1 E L ( v # w )  
Y Y 

from some closed b a l l  s ( y  ) E D such t h a t  (2) holds  f o r  a l l  y18y2 ' yY 

(with A and ty rep laced  by A and (Y r e s p e c t i v e l y ) .  If 
Y Y 8  ~ 

-1 -1 
0 = (llAy 1 1  - Q ) y  > (T > 0 f o r  y E D, then F i s  a homeomor- 

Y Y Y -  
phism from D onto V. 

From t h e  inve r se  funct ion theorem it fol lows t h a t  F i s  a 

l o c a l  homeomorphism, and s i n c e  (T > 0 i s  independent of y E D, 

it is  e a s i l y  v e r i f i e d  t h a t  
-1 i s  a covering r e l a t i o n .  Thus, 

rF 
-1 

by 3.10 rF 

is  a d i r e c t  consequence of 4,4. 

has  t h e  p a t h - l i f t i n g  proper ty  and hence t h e  r e s u l t  

In s t ead  of t h e  assumption t h a t  o i s  independent of y, we  

can, of course,  a l s o  use the norm-coerciveness as a t o o l  f o r  assur-  

i n g  t h e  cont inua t ion  property.  For example, by using t h e  inve r se  

func t ion  theorem i n  i t s  conventional form .Cor cont inuously (F reche t ) -  

d i f f e r e n t i a b l e  ope ra to r s ,  (i.e.8 by s e t t i n g  A = F '  ( y )  i n  t h e  above 

v e r s i o n )  we  ob ta in  t h e  following c o r o l l a r y  of 4.7. 

4.9 - coro l l a ry :  L e t  V be a f i n i t e  dimensional normed l i n e a r  
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space and suppose t h e  mapping F: D c V + V has  a continuous,  

nonsingular d e r i v a t i v e  on the  open se t  D C  V. I f  F is  norm- 

coerc ive  on D, then  f o r  each T(V) -pa th  component D of D, 

F I D p  i s  a homeomorphism from D onto V. 

P 

P 

W e  conclude t h i s  s ec t ion  by showing t h a t  a l s o  t h e  following 

wellknown theorem of Hadamard [ 6 ]  and Levy [8] (see, e.g., 

Schwartz [ll]) can be proved by means of our r e s u l t s .  

4.10 - Theorem: L e t  F: W 4 V be a c o n t h u o u s l y  (Freche t ) -d i f fe ren-  

t i ab le  map from the  Banachspace W i n t o  the  Banachspace V, and 

suppose t h a t  f o r  a l l  y E W, F '  ( y )  has  a bounded inve r se  (F '  ( y ) )  

E L (V,W)  such t h a t  II(F' ( y ) , )  1 1  5 y. Then, F i s  a homeomorphism 

-1 

-1 

from W onto V. 

Proof:  By the s tandard  inverse  func t ion  theorem w e  know t h a t  F 

i s  a l o c a l  homeomorphism from W onto the open subse t  F W  of  

V. Moreover, F i s  again continuously d i f f e ren t i ab le  and w e  

have f o r  a l l  y E W 

-1 
( 3  1 ( F - ~ ( F ~ )  1 I = ( F I  ( y )  1 

L e t  yk c ~ Q ( w )  and 13; C v ( V )  be t h e  c l a s s e s  of a l l  piecewise 

cont inuously d i f f e r e n t i a b l e  pa ths  i n  W and V, r e spec t ive ly ,  

and 9; = yv n T(FW) .  Clear ly  

i f  F q ( t )  = p ( t )  f o r  t E J, i.e., 

of p E yv, then c l e a r l y  a l s o  q 
f i I  

I A I  

then,  F T w  C Tv. Conversely, 

if q E Y(W)  i s  a rF -1 - l i f t i n g  

i s  again piecewise continuously 
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d i f f e r e n t i a b l e  and because of ( 3 )  w e  have i n  each c o n t i n u i t y  

i n t e r v a l  of p 

(4 )  

Hence, w e  have q E T i  and, t he re fo re ,  the  admissible sets of  

q '  ( t )  = (F' ( q ( t )  )-'p' ( t )  

.. 
A I  ra and 13v s a t i s f y  the 

-1 
has the r F  

t o  s h o w  t h a t  

p E p i  and q: [O,e) C J 

condi t ions  of  Theorem 4.2.  I n  o r d e r  

cont inua t ion  p r o p e r t y  for  ?i l e t  

Wbe a continuous func t ion  w i t h  F q ( t )  

= p ( t )  for  0 5 t < e. Then, by the  same argument as above, q 

i s  piecewise cont inuously ' d i f f e r e n t i a b l e  on [O ,C)  and ( 4 )  ho lds  

on t h e  c o n t i n u i t y  i n t e r v a l s  of p.  

sequence w i t h  1 i m  = e. It i s  no r e s t r i c t i o n  t o  assume t h a t  

{t,J i s  inc reas ing ,  then  w e  have fo r  k < j 

L e t  { tk l  c [ O , E )  be any 

K+m 4, 

which s h o w s  t h a t  { q ( \ ) l  i s  a Cauchy sequence and hence convergent. 

Thus, because of the  con t inu i ty  of F on W it fol lows immediate- 
A I  

has  the cont inua t ion  p r o p e r t y  f o r  p̂ S i n c e  F W  i s  -1 
V. ly t h a t  r, 

open i n  V, 3.11 therefore implies  t h a t  F W  = v, and now the r e s u l t  - 
fol lows d i r e c t l y  f r o m  4.2. 
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Recently,  Meyer [9] extended t h i s  theorem t o  the  case  where 

\I ( F a  (y) )-'I\ i s  allowed t o  go t o  i n f i n i t y  a t  most l i n e a r l y  i n  

IIyIl. The following theorem i s  a modif icat ion of Meyer's r e s u l t .  

4.11 - Theorem: Let G: V 4 V b e  compact and cont inuously d i f f e r -  

e n t i a b l e  on the  Banachspace V. S e t  F = I - G and suppose t h a t  

F ' ( y )  has a bounded inverse  (F ' (y ) ) - '  E L ( V , V )  such t h a t  

11 (F1  ( y ) ) - l l (  1. a,llyll + 3 f o r  a l l  y E V. Then, F i s  a homeomorphism 

from V onto i t s e l f .  

Proof:  W e  use t h e  same nota t ion  a s  i n  t h e  proof of 4.10, of course,  

with W = V. L e t  p E p i  and l e t  q: [ O , e )  c J -.) V be a continuous 

func t ion  such t h a t  F q ( t )  = p ( t )  f o r  0 5 t < e.  Then, a s  i n  t h e  

case  of (5)  0 we f i n d  
c c 

0 0 

0 

where 

The wellknown Gronwall i nequa l i ty  now impl ies  t h a t  
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t h a t  {q( t i , ) ]  i s  bounded. Because of t h e  compactness of G, there 

e x i s t s  a convergent subsequence of {Gq(t 11. I f  t h i s  subsequence 

i s  again denoted by {Gq(%)1 and i f  &-+m im G q ( 5 )  = p', t h e n  with 

k 

i m  Fq( \ )  = i m  p ( \ )  = 9 it  follows tha t  
I L m  i + m  

-1 which proves t h a t  rF has  the cont inua t ion  proper ty  f o r  

The remainder of  t h e  proof i s  i d e n t i c a l  t o  t h a t  of 4.10. 
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5. Applicat ions t o  E q u a t i o n s  F (x,  Y )  = o  

I n  t h i s  s e c t i o n  w e  s h a l l  d i scuss  a f e w  p o s s i b l e  r e s u l t s  

about equat ions of t h e  form F(x ,y )  = 0 where F: D c  X x Y 4 2 

and X , Y , Z  are Banachspaces. L e t  

(W @o = c(x,y)  E D I F(x ,y )  = 0 1  

then the r e l a t i o n  t o  be considered i s  t h e  r e s t r i c t i o n  

(6b) 

, 

Q = Go n (D(@,) x R ( b o ) )  

There a r e  var ious p o s s i b i l i t i e s  of a s su r ing  t h a t  G has  

t h e  l o c a l  mapping proper ty .  W e  s h a l l  r e s t r i c t  ourse lves  t o  those 

de r ivab le  from the  c l a s s i c a l  i m p l i c i t  func t ion  theorem, and u s e  

t h a t  theorem i n  the following form: 

L e t  F: D C X x Y 4 Z be continuous on 

a t  (xo,yo) E D w i t h  z ( x  ,a) x S ( y o ,  p o l  C D. 

D and F(xO,yO)  = 0 

Suppose 
- 

0 

< 

f o r  x E 

be such 

) the equation F ( x , y )  = 0 has  a 
0' 

Then f o r  each x E S(x 

s o l u t i o n  y 

depends continuously on x. 

E S(yo, p o )  which i s  unique i n  t h a t  b a l l  and 
X 
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The proof i s  s tandard and is  omitted he re  (see, e.g., Hilde- 

b rand t  and Graves [7], and C e s a r i  [l]) . 
Our formulation does not r ep resen t  t h e  weakest poss ib l e  

r e s u l t .  I n  f a c t ,  i n  going through t h e  proof it is  r e a d i l y  seen  

t h a t  t h e  con t inu i ty  assumption about F can be reduced t o  sepa ra t e  

c o n t i n u i t y  i n  each va r i ab le .  Also,  t h e  condi t ions  on A can be 

weakened, a s  Cesar i  has shown. However, t h e  conventional ir tplic- 

i t  func t ion  theorem f o r  continuously d i f f e r e n t i a b l e  ope ra to r s  i s  

contained i n  t h i s  p a r t i c u l a r  vers ion.  

Based on t h i s  i m p l i c i t  funct ion theorem, w e  ob ta in  t h e  fol-  

lowing r e s u l t  a s su r ing  t h a t  @ i s  a l o c a l  mapping r e l a t i o n :  

5.1 - Lemma: L e t  F: D C X X Y --L Z be continuous on the  open s e t  

D i n  X x Y, and suppose t h a t  f o r  each (x,y)  E D t h e r e  e x i s t s  a 

l i n e a r  opera tor  A(x ,y) :  Y 4 Z with bounded inve r se  A-'(x,y) E L ( Z , Y )  

such t h a t  A depends continuously on (x,y)  i n  t h e  s t rong  opera tor  

topology. F i n a l l y ,  assume there  e x i s t s  an cy > 0 such t h a t  f o r  

each (x,y)  E D a p = p ( x , y ) .  > 0 can be found w i t h  

f o r  y1,y2 E g ( y , p ) .  Then @ i s  a l o c a l  mapping r e l a t i o n  and 

D ( + )  = D ( @  ) i s  open i n  X- 
0 

Proof:  For (xo,yo) E @ 'we can f i n d  0 > 0 ,  p > 0 such t h a t  
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Thus, a l l  condi t ions  of t h e  i m p l i c i t  funct ion theorem a r e  satis-  

f i e d  and hence t h e  r e s t r i c t i o n  cp = 0 fl (S(xO,o0) x S ( y o , p o ) )  i s  

a continuous map from S(x  ,u ) i n t o  S(yo ,po) .  Since (x o 'Yo) E 4 
0 0  

was a r b i t r a r y ,  t h i s  completes t h e  proof.  

Condition (7 )  i s  evident ly  s a t i s f i e d  i f  F has a continuous 

p a r t i a l  d e r i v a t i v e  a F(x,y)  i n  D with a bounded inve r se  
2 

The ques t ion  now a r i s e s  when Q! has  t h e  p a t h - l i f t i n g  pro- 

pe r ty .  A s  i n  Sect ion 4 ,  a p o s s i b l e  approach i s  here  t o  add 

cond i t ions  t o  5.1 which assure t h a t  4 i s  a covering r e l a t i o n .  

Loosely speaking, t h e s e  condi t ions  have t o  guarantee t h a t  t h e  

r a d i u s  

course,  t h a t  we have t o  make uniformity assumptions about t h e  

- 

does no t  depend on (x  o,yo)  E T. This means, of 
OO 
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c o n t i n u i t y ' o f  A,  F, e t c .  One poss ib l e  r e s u l t  a long t h i s  l i n e  

can be s t a t e d  a s  fOllOW5: 

5.2 - Theorem: L e t  F: D C X x Y -, Z be uniformly continuous 

on t h e  open se t  D i n  X x Y, and suppose t h a t  for each (x,y) 

E D a l i n e a r  opera tor  A(x,y):  Y + Z with bounded inverse  

A (x,y) E L ( Z , Y )  i s  defined such t h a t  ] \A (x,y)ll r; l / p ,  > 0, 
-1 -1 

f o r  a l l  (x,y) E D. Assume f u r t h e r  t h a t  A i s  uniformly con- 

t inuous  f o r  (x,y) € D. F ina l ly ,  l e t  cy > 0 and p > 0 be such 

t h a t  f o r  each (x,y) E D the  i n e q u a l i t y  ( 7 )  holds  with cy < p, 

f o r  a l l  y1,y2 E s ( y , p ) .  Then, Q i s  a covering r e l a t i o n .  

Proof:  By going through the proof of 5.1 again,  w e  see t h a t  

bo th  p and u can now be chosen independently of (x  oOyo) 0 0 

E m. Hence, t h e  r e s t r i c t i o n  cp i s  a continuous mapping from 

) and f o r  every x E S (y  O'OO 1 # cp(x) E S ( Y o , P o )  o t P o  S(xo,uo)  i n t o  S ( y  

i s  t h e  only s o l u t i o n  of F(x,y)  = 0 i n  t h a t  b a l l .  Clear ly ,  then, 

d i s j o i n t  and open i n  R ( Q ) .  This proves t h a t  Q i s  indeed a 

covering r e l a t i o n ,  

Theorem 5.2 e s s e n t i a l l y  genera l izes  t h e  f i r s t  main theorem 

1 of Ficken [ 5 ]  who considers  an opera tor  F: J x D c R x Y + 2 

and uses  in s t ead  of t h e  operator  func t ion  A t h e  p a r t i a l  der iva-  

t i v e  3 F ( s , y ) ,  y e t  who places  s l i g h t l y  less s t r i n g e n t  c o n t i n u i t y  

Y 

2 

I I 
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assumptions upon F. As ind ica ted  e a r l i e r ,  our  con t inu i ty  

assumptions f o r  F i n  t h e  b a s i c  i m p l i c i t  func t ion  theorem, 

and t h e r e f o r e  a l s o  i n  5.2, can a lso be weakened t o  correspond 

t o  those of Ficken. 

As i n  Sect ion 4 w e  can a l s o  a s su re  t h e  p a t h - l i f t i n g  pro- 

p e r t y  f o r  Q by making assumptions about R ( 9 ) .  Following i s  

a simple r e s u l t  along t h i s  l i n e :  

5.3 - Theorem: Suppose t h a t  F: D c X x Y -, Z i s  continuous on 

D,  and t h a t  @ has  t h e  local mapping property.  I f  R ( Q )  i s  

compact, then Q has t h e  (D (Q) cont inua t ion  property.  

Proof:  L e t  p E 

map such t h a t  F ( p ( t ) , q ( t ) )  = 0 f o r  0 

i s  any sequence with h i m  tk = € 8  then [ q ( t k )  ] C R (Q) and hence 

Y ( D ( @ ) )  and q: [O,t) c J 4 R ( @ )  be a continuous 

t < t. I f  I t k ]  C [ O , € )  

-+a, 

t h e r e  e x i s t s  a convergent subsequence. For t h e  sake of s impli-  

c i t y  assume t h a t  q ( tk )  = E R ( @ )  Since p ( € )  E D ( @ )  8 

w e  have ( p ( € ) , p )  E D ( Q )  x R ( Q )  C D and, t h e r e f o r e ,  by t h e  

c o n t i n u i t y  of F,  ~ ( p ( t )  = 0, i r e . ,  Q has  t h e  cont inua t ion  

p rope r ty  f o r  p N Q )  1 . 
This  r e s u l t ,  toge ther  with 5.1, r e p r e s e n t s  e s s e n t i a l l y  an  

ex tens ion  of t he  second m a i n  r e s u l t  of Ficken [ 5 ] ,  except 

f o r  t h e  form of t h e  cont inui ty  assumption about F. I n  t h i s  

case t h i s  c o n t i n u i t y  assumption can again be weakened i f  t h e  local 
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mapping proper ty  i s  der ived  f r o m  cond i t ions  of the  type  used 

i n  5.2. The compactness assumption about R (  4 )  can be guaranteed 

by s u i t a b l e  compactness condi t ions  about  F. For bo th  these 

p o i n t s  we refer t o  Ficken [5]. 
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